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SELF-CONSISTENT THEORY OF HADRON-NUCLEUS SCATTERING.

APPLICATION TO P1ON PHYS1C5

Hfkkel B. Johnson

University of California
Los Alamos Scientific Laboratory

Los Alamos, New Mexico 87545

SunnIary

The requirement of using self-consistent amplitudes to evaluate mi-

cmcopically the scattering of strongly interacting pal:icles from nu-

clef is developed. Application of the idea to a simple nmdel of pion-

nucleus scattering is made. Numerical results indicate that the expan-

sion of the optical potential converges when evaluated in terms of fully

self-consistent quantities. A comparison of the results to a recent

detenninatio:lof the spreading interaction in the phenomenological iso-

bdr-hole nmdrl shows that the theory accounts for the sign and magnitude

of the real and imaginary part of the spreading interaction with nr ad-

justed parameters. The self-consistent theory has a strong density-

depc’ndenceand the consequences of this for pion-nucleus scattering arc

discussed.

1. Introduction—-—.. .

The first part of this set of two seminars will consist of a review

of several of the important accomplishments made in the last few years

In the field of pion-nucleus physics, This is intendvd as an introduc-

tion, for those who may be unfal;liliarwith the field of pion physics, to

concepts which will be used throughout the drvrlopnrnt of thr idea of

self-consistency. Next 1 will discuss some questions raised by these

accomplistmncntsand SIIJWthat for some very natural reasons the conroonly

anploycd theoretical methods can not bc applird to answer these qurs-

tions. This situation leads to the id~a of s~lf-consisten~y, which is

ffrst ●xplained in a grnrral context, The remiindcr of the st?ninarsarc

dmctcd to ~llllstra,lngthr idea wtthin I simple multiple scattering

rmdrl for the ca~r of pion scattering. Numrrical results for this
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appllcatlon will be presented. An ●valuation of the effectiveness of the

self-consistent requirmnent to produce a solution to the model will be

made, and a few of the questions rdlsed by recent accomplishments in the

field of pfon physics wfll be addressed in the model. Finally, the re-

sults of the model calculation will be canpared to experimental data and

implications of the results discuss~d.

The field of pion-nucleus physics Is a relatively new field and has

bemne quite active only in the last decade. In contrast to, say, the

development of proton-nucleus theory, answers to questions of a micro-

scopic nature have been sought early in the development of the field.

Onemlght say that the nwst Interesting question addressed, and the one

which has been studied with most intense effort, is: “to what extent can

plon-nllcleusscattering be understood as a succession of elemcntar.y,free,

pion-nucleon scatteri~gs?” The answer is that, at least in the energy

region of 75 to 30L’?leVincident plon kinetic energy, the isobar A33

dominates the scattering. (the A33 is a pion-nucleon r%onance with spin

and Isospin 3/2 and relative pion-nuclmn angular mnentum R = 1) but thdt the

~sltion and width of the tsobar are strongly modified by the influence

of the nuclear medium.

This result has been ~-.t convincingly established within the “iso-

bar-hole’ phermmenology,1,2 which is discussed in detail in Professor

Feshbach’s lectures.3 [sscntially, the lsob~r-hole modell-5 is a coupled

ctsnnel approach which allows thr isobar degrees of freedum to be iso-

lated and treated explicitly. The special features of this approach arc

the following:

(1) Isobar and nucleon binding and recoil are carefully treated.

This is a very {mportant f~dtllr~of the modrl. Although the physics

hcrcmay not smn very exctting, It has proved to bc a very difficult

technical and apparcr,tlynumcric~lly signlflcan~ accomplishment,

(2) Paull Supprcsslol fs cvaluatcfl. Pauli suppression rrfrr-.to

the requirement th~t A33 fntmnrdlatr states should not con$ist of a

nucleon which has scattcrcd into onc of thr nomually occupird nuclear

states.
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(3) A phenonwnologtcal

porated.2 It has the form

H(r) = U~(r)/pO +

isobar “shell-model” potential is incor-

~ . $h U&(r) (1,1)

The (complex) constants HO and HL~ are adjusted to fit the ●lastic scat-

tering data.

Thenmst recent results of the isobar-~ole mrJe12 are that the

strength of the spin-orbit potential is comparable in size to the nu-

cleon-nucl~us spin-orbit force and that HO is

about 75 IW tb 250 MeV with v~!ues ReWO = 30

The application of the isobar-ho?e model

constant in energy from

MeV and ImHo = -40 MeV.

requires a very large com-

putational effort and for practi~al reasols of computer core size and

time limitations the rmdel can not be applied to nuclei with A 2 16.

The only technically feasibl~ Jpproach for heavy nuclei is that of the

optical model. The optical potential represents in an average way the

effect of the nuclear medium on tileprojectile. lherc are several micro-

SCOpiC theorie> of the optical Ptent!dl which pcnnit its evaluation

systematically from an underlying HdMiitOIIiitnor Lagrangian formulation.

One such approach is the Uatscn or iLMTmultiple scattering formalism

which is reviewed in Professor Feshbach’s lectures.
3 These formalisms

are not fully r:.isfactory for the >~attering of pions duc to the fact

that In nature number of pions is not consened, but nevertheless the

approach is often used in pion physics. Another systematic approach

uses diagranmtic perturbation theory and the 3yson equation6 to calcu-

late the amplitude. This Approach dots apply to the case of the pion,

and irIthis theory the opticnl potential YS the pion proper self encryy.

Unfortunately, the language Is similar in these two approaches but in

some instances the mc~nlng of the languagr is not cxact!y }he same, which

naturally leads to communication difficulties. 1 shall usc the Dyson

equation and Feynmafldiagrams in these lectures.

In any case, if the interaction between th~ pfon and the nucleon Is

assumed to bc a potential, either of the twtlapproaches will, by its own
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route, lead to the same optical potential U. In practice one often ex-

pands the optical potential as

U’ru (1.2)
nml n

where Un has n factors of the density. The leading tmn U, is in princi-

ple uniquely related to the (off shell) free pion-nucleon scattering ampli-

tude and the nuclear density matrix. The higher order terms depend in a

ntuchmore compl~cated way on the details of the nuclear and scattering

dynamics.

The most extensive analysis of pion elastic scattering In an opti-

cal model approach has been carried out by Stricker, McManus and Carr7

and by Liu and Shakin,8

to the free pion-nucleon

essentially, adjusted tc

In these works U, is fixed by the relationship

amplitude just mentioned. The temn U2 is then,

reproduce the ela~tic scattering data. The main

result fcr the purposes of this lccl’lre

tion was found.

tiehave therefore the same conclus

phcnomcnology and from the optical mndc

is that a substanti~l 1+ corrcc-

on from both the isobar-hole

phenomenology, namely thnt there

are substantial corrections to the simple picture of pinn-nucle~n scat-

tering which would describe the scattering as a succession of elcnmntary.

free, scatlerings of

quantities HO and I+

Of the correction.

11. Ojm (~ucstion%

The qurstion of

the pion fror thu covst~tuents nf the nucleus. The

arc different (but rsscntially equivalcnf) mca$urc~

fundnnwntal conc,~rnis now to und{rstanfithr origin

of the corr[’ctiontmns. ThaL thcv aro sonw’howrcldt(’dto ?hr trur all-

sorption (a reaction process in which n piun is prcsrnt in thr initial

but not thr finnl st~tc) is univrrs,lllybelieved, but thr drt~il’.nf

this rclations,lipcould hu rathrr sul)tl(’,It will t~kr yc~r~ of rarr-

iul thoorc~lcal and rxpcrimmtal work to understand this prucv%’,ill

sufficient d[’tall.
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the

The

the

The true absorption

correction terms and

theory develops sonm?

of the plon is Just one aspect of understanding

may actually not be the most Interesting aspect.

Interesting difficulties even In the absence of

true absorption of the plon, This arfses from the fact that the pion-

nucleon interaction is very strong, as explained below, from threshold

to beyond the position cifthe A33 resonance.

There are two rc~sons why the pion-nuclmn interaction must be re-

qarded as strong. The first is that the interaction has a very string

off-shell dependence. He write the dominant P-wave amplitude in a sepa-

rable form, letting t be the off-shell pion momentum, @s

(2,1)

when f(0) ii the on-shell, fotward scattering amplitude (which is th~re-

fore w-dependent) k is the on-shell momentum (u2’k2+m~), and v(t) is the

pion-nucleon form factor, which is commonlv taken to have tilefotm

22-1
v(t) = L(l+t /(1) . (2.2)

The poinl is tha& most modern analyses which carrfully Lrcat the nucleon

Born tcnn show thaL a is a lncge numhl’r.9,10 C1OSC to 1 GcV/c. Thus, it

Is favorable for the pion to rhwclop large high momentum componcmtz in

Its wave function, par~icularly at ,:;:energy whcrr the damping is rela-

tively small. One also expects the evaluation of higher order trnns in

the Opticdl potential to bccomr nmrr difficult b~causc of the larqr value

of

of

Wc

If

to

0,

Thr scrontinmsurc of the strrn!,thof the intcrdction is thr size

the cros~ srction, which bucomet very Iargc right at rr%onnncr, Ilorc,

havr

Ulol U ~ [IJ(n+N)+ u(n+l))]- 130mb, (2.3)

spacing, which at L!IC lrntrr of Lhr nu(.lru~is about 7 fm, wo sot’that

thr nuclrons prr~rnt ktronqly ovrrlappiny tarqrl% to thr pion. It i%
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qulte plausible to expect frequent scattering events in which the pion

Interacts with several nucleons at once, or with a “cluster” of nucleons.

This makes higher order terms in the optical potential large and diffi-

cult to calculate.

There nave, In fact, been numerous calculations of certain higher

order terms in the optical wtential over the last few years, and one

t.ennin particular has been identified as being particularly troublesome.

The term in question is the local field correction, which arises from a

scattering event in which ths pion strikes the same nucleon twice, illus-

trated In Fig. 1. The most careful calculations of these have been given

In references 4 and 11, but the te~ was also found troublesome in earlier

wtms as well.
12

The local field correction appears to be able to attain

a size comparable to the lowest order uptical potential at the center of

the nucleu<.

Aside from the question of how to interpret the large isobhr spread-

ing interaction, the existence of the spreading potential raises addi-

tional questions of some practical import~nce. These are

1. What is the correct density dependence of the spreading inter-

action and LIZ?

2. b!hatis the spin and isospin dependence of the spreading inter-

action?

3, Uhat is the spin, isospin and density dcpendenc~of tile transi-

tion operator for inelastic scattering?

4. Can the pion be used as a tool for quantitatively probing the

structure of nuclei?

1- is hard to imagine that unc can satisfactorally answer these

questions ~nless more powerful theoretical methods are dcvclopcd which

prrmit reliable calculations beyond Iowcst order in the density expan-

sion of the optical potential. The main subject of thcsc%cminars is to

seek an answrr to the question: what thearrtical methods can pcnrlt

reliable calculations when pcrturhatfon theory breaks down?. or put

somewhat more gcnrrtlly: how can thr many-body problrw for hodron-nucluu,
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scattcring be solved, given a fundamental Interaction Hamlltonian?

111. Self-Consistent Hadron-Nucleus Scatterin~

The goal of self-consistency is to create a non-perturbative theo-

retical approach to hadron-nucleus scattering which will overcome the

problems that arise becauseof the large strength of the elsnentary

interactions. The idea was suggested In Ref. 13 and was developed there

froma multiple scattering point of view. In this talk I will use an

approach based on diagrammatic perturbation thmry and the Green function

G(~,r’), defined as the amplitude to find a pion of energyu at point I

in the medium if It was inserted in the medium at point ~’. In the ab-

sence of interactions the Green function is given by

elklr-r’l
GO(@) = (3.1)

4mlr-r’l

where k is the pion momentum. Uhen interactions between the pion and the

medium are considered, the interacting Green function G is given as the

solution of an integral equation

G(r,r’) =Go(r,r’) +
f% ~ dT2 $-Jyl) W,@ W2q’) (3.2). . -.

where U is called the optical potential In multiple scattering theory

and the pion “proper self energy” in field theory.

To explcin the idea of self-consistency, let us assume that the ~flles

for constructing U in terms of the free pion-nucleon scattering ampl+tude,

f, and the free pion Green function are known

u = U[f, GO. O, . . .1 (3.3)

The dots indicate that other quantities must bc also specified in a com-

plete theory, Let us also asswnc that the rules for constructing the

free pion-nucleon scattering amplitude in terms of the elementary inter-

action Hamiltonian h, and the free Green function is knuw~,

f ■ f[hl, GO, . , .1 (3.4)

where we have again allowed for thP throry to depend on other quantif.ics

!lSWell. !]SIJiJilythe theory of Scattering of a projccti!c frc’na Conlpositc
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system Is presented in terms of the rules we have assumed: one first

solves the theory to obtain f, one secondly evaluates the optical poten-

tial in terms of this f and the density and lastly one solves for the

“scattering wave function to compare with the experimental data. For

pions and presumably other strongly interacting probes as well, such as

K- and antlwrotons, some steps fn this link will not work. In the case

of pions, the perturbation expansion for U in tetms of f and P does not

converge, which leads in turn to additional difficulties.

The Idea of self-consistency is to provide a feedback mechanism in

the chain ‘~ calculatior,sso that the theory is given a way to dynami-

callymdify itself in response to a pathological situation (for example

an exceedingly strong projectile-nucleon interaction). Whether it will

respond in the ccrrect way is not ~ priori assured, and in any given

case one has to look carefully at the results to convince oneself that

the self-consistent theory is behaving better than the usual theory.

To create the feedback, the ided is to define a “self-consistent”

amplitude, f, by substituting in Eq. (3.4) the complete Green function

for GO, i.e., define

f=f[hl, G, . . .]

Now, such a substitution would lead to

fined as (W-H)-l, which is a many-bod,v

(3.5)

complete nonsense if G were de-

operator, and we were working with-

in the Watson or KMT multiple scattering fotnluliltions,3However, this

substitution is al!owcd here because the Green’s function of Eq. (3.2) is

essentially d_efiredso substitutions such as the onu in Eq, (3.5) is pcr--... .

missible, :.c,, it accounts for all possible “dressings” of intenllcdiatc

pion propagator in f by the sulf energy effects due to the medium.

The second step of the transition to a fully self-consistent theory
.

is to evaluate all the contributions to U in terms of fan~ G. Thus, onc

insists that

U[f, GO, . . .] ■ ii[f,G, p, , , .] (3.6)

and in order to have this equality satisfied the rules for enumerating
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and evaluating diagrams must be carefully thought out In order to avoid

over-counting or under-counting the terms, i.e., in order that the self-

consistent theory is identical to the usuai theory termby-term in per-

turbation theory. The equation for G is still that given byEq. (3.2).

The procedure for implementing self-consistency has now been fully

specified. It is sufficiently general to be applied to any hadron-

nucleus scattering situation which has a Hamiltonian formulation. Next,

I want to give as an example the realization of these equations in a

simple but nontrivial model of pion-nucleus scattering and to evaluate

the conjec~ure that self-consistency leads to a more sensible theoretical

description in this model. If this conjecture is valid, then one may

study in detail the questions raised earlier, which have no well-defined

answers in usual theories.

IV. Realization of Self-Consistent Theory in a Model

It may not be apparent to everyone how to proceed to implement self-

consistency based on t’lediscussion of Sect. III, so in this section I

want to present a model in which all the details are worked out. Because

the main intention of this section i: pedagogical, a simple tileury is

more to the point than a complicated and possibly more realistic theory.

Hence, purely for purposes of illustration, I choose to apply self-con-

sistency to the fixed scatterer multiple scattering theory of Foldy and

Halecka.
14

The main assumptions of this theory are that a separabl~ po-

tential acts between the projectile and the target nucleons, and that the

target nucleons remain fixed as the projectile scatters. The positions of

the nucleons are eventually averaged with a nuclear density function.

The pion Green function may be evaluated based on the developments in the

original paper by Foldy and Halecka,
15

and the various contributions to

the Green function are Illustrated in Fig, 2. lo further simplify the

problenl It will be assumed that the pion interacts in an infinite nuclear

medium of uniform den.ity D. The nucleons will be assumed to experience

short-ranged (anti-) correlations which are described by the radial dis-

tribution function R(r) given by
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R(r) = 8(!~l-A) , A= 0,5 fm (4.1)

Only correlations between successively struck nucleons are retained.

For the sake of definiteness, let me state the r~les fGr evaluating

the diagrams of the pion Green function. The enumeration of the diagrams

has been discussed already in the caption to Fig. 2. These are the rules

of the usual theory, I.e., in the absence of application of the se’lf-

consistency requirement.

1. Nucleons do not propagate and are denoted by an “x.” Each

struck nucleon contributes one factor of p.

2.

flow of

3,

where f

4.

Pions are represented by directed lines which indicate the

momentum.

a. Each internal pion line (of momentum t) is assigned the

value

iAx9L
e-- S(IAXI -A)
k2-t2+in -

(4.2)

where Ax is the “}istance between the nucleons, count?d in

the direction C: the pion I,lomentumand k is the “incident”

~ion momentum (W2=k2+P2).

b. Initial and

~i~’-~i and

Each scattering

-41rpf(~,~’)

final pion propagators contribute, respectively,

e-iK”xf--m

contributes a factor

(4.3)

haz a separable form [see Eq. (2.1)] in each partial wave.

Integrate over all internal pion mcmenta and nucleon positions.

The input to the theory is an off-shell pion-nucleon scattering

amplitude and a correlation length A; the diagram rules pro~l. the link

between this input and the result we want, which is an expression for the

pion self-energy. Note incidently, that although it makes nc sense to

actually s,catter pions from an infinite medium, the Green function is a

well-defined quantity, since it describes the propagation of the,pion

from a source which can be properly imagined to be embedded in the medium.
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Once one has a theory for the pion self-energy, including its dependence

separately on energy, densii.yand momentum, it is possible to make esti-

mates for scattering from a finite nucleus by using this ~~antity in the

Klein-Gordon equation in the local density approximation. The exact,

but technically muchnme difficult, procedure is to formulate the prob-

len with the correct den~ity-dependence of a finite systrm from the

outset.

I have just described the theory to which I will now proceed to

apply the ideas of self-consistency. The application has been worked

out in detail in Refs. 15 and 16.

Consider first the self-consistent amplitude ~. We first need the

expression for f in terms of V and GO [see Eq. (3.4)], which is just

the Lippman-Schwinger equation in terms of the p~.”ntial V

f(t,t’) = v(~,y) + 41’r
I

~3~3V(~,~l’) GO(t”) f(~’’.)’)
.-

(211)
(4.4)

where GO(t) = (k2-t2+iq)-1 . In accordance with Eq. (3.5) we write

i(:,g) - - 1::;~d3t,tl
= V(t,t’) +411 — — V(t,t”) G(t’’,t’”) ;(t’” ,t’)

3(21r)3 ------

(4.5)

Eliminating V in favor of f in Eq. (4.5) yields

i(t,t’) =
-. ‘(~D~’) + 4~J*3J&3 ‘(:s@~’’s:’” fi(:’” ‘:’)

(4.6)

where

;(:,:’)= G(~,:’) - (21T)36($-:’) GO(t) (4.7)

The operation leading from Eq. (4.4) to Eq. (4.6) is standard in scatter-

ing theory and a similar operation is described in detail in Ref. 3.

Next we need an expression for the Green function. In discussing

interactions in a correlated mcdilnnit is convenient to dei’inean auxi-

liary Grcon function, which propagates the pion ~~wggn scatterin~c~g-

~. This quantity is defined diagrammatically in Fig, 3 and is repre-

sented diagranmlaticallyby two parallel llnes. This diagranmltic serie’;

is sunmmd by the following fntcgral equation
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lt*(xf-xi)
3d(t. tl~e - - -‘(~,~’;~f-~i) = (2W) -- R(xf-~i)

kz.tz+iq -

1
It”(xf-x)

- 4np ~3xe. - - R(@
t(~.tz+jq

xI d3t” ~
~f-X) G(t’’,t’; X-X )—3 (:,:”; - - - --i

(2n)
(4.8)

.
Note thatG depends iinthe initial and final pion numenta and by the posi-

tions of the lnttlal and final nucleons struck. He use the votation that

the kernel of the Green function is - 4TrpF.

The relationship between g(~,~’) in Eq, (4,7)and Gof Eq. (4.8) is

straightfcward,

g(f.~’) = ‘(t.t’; ~f-xi)

‘f’xi
(4.9)

If we had not been usina the correlations in the mediun which vanish

when Xf = ~i then the subtraction In Eq. (4.7) would need to be made

after setting ~f ‘ ~im The fact that R vanishes in our case means that

thee!’?rect relationship is that of Lq. (4.9),

Finally, cons~der the series expansion for the kernel F of the auxi-

llary Green function. The Idea is to rearrange the diagrams which appear

fn the kernel U of the usual theoryk so that thess diagrams can be ex-
.

pressed e~~licitly fn terms of f ard G (and hence only Implicitly cm f

and GO). As stated In Sect. III, we insist that th(’diagrams of U e~-

pressed In tetms of f and GO are In one-to-one correspondence with the
. .

diagrams of l!,when f and G are expanded out in terms of f and Gb. Hence,

to avoid making counting mistakes, some of the topologiw which origi-

nally contributed to U will not contr!butc to U. lhe rules for construc-

ting U are

16 6egln by considering the exparsion of U in terms of f findGO.

[limfn~te all diagrams In which any tntrrnmdiate pion propagator has a

~... —

The krrnel of the usual tl,~oryis, as st,~trdmrlirr, thr pfon PrOIJ(}r

self-cnwgy, More specifically, It is th[’tum of all diilrlrdmr. hrgillning
and ending with a single pion such t~latno diagram would brr,~kinto two
O!CCC> when an Inturnfilpfon l{nr is cut.
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pmper self-energy insertion.

2, Replace all internal pion

3. Replace all free pion-nuc’

.
propagators by G.

.
eon scattering amplitudes f by f.

-
Figure 4 illustrates valia and invalid contributions to U. The Lmns

(b), (e) and (f) do not exist in ~according to rules 1 to 3 above.
.

Term (4b) is not valid because f already contains all intermediate in-

teracting pion pr~pagators [see Fq. (4.5) and. for more detail, the argu-

~fit presented in Sect. V.]. Term (4f) is not allowed because an inter-

mediate pim propagator has a self-energy insert!o~ Diagram (4f) is
.

already included in diagram (4c), since G contains, by definition, all

proper self-energy insertions. Diagram (4e) is not allowed for both

reasons just discussed.

The ~elf-consistent foldy-Walecka theory is summarized in Fig. 5.

Figure 5a shows the integral equation for ~; Fig. 5b shows the integral

for f; and, Fig. SC gives the expression for the kernel -4nlt. Note
.

that the diagrams of F depend on the density p iniplicitlythrough f a’id

~ and also explicitly, i.e., ●ach vertex contains one explicit factor of

P.

V. Solution ~f the Self-Consistent Theo~~First Order——..——. .— .-— —- —.

To solve the self-consistent theory smnarized in Fig. 5, it is use-

ful to proceed systematically, as follows. Group together the terms of

Fig. 5i having the same nwnber of explicit powers of density. We shall

define-r as lhe number of explicit powers of P appearing in the dia-

grams. Thus the fivst term an the right hand side of Fig. 5C is the first.

order tcmn. The next three diagrams ar~ th~ lcadiny terms in the second

order theory, i.e., the tctms in thr s~cond ord~r theory having the fcwrst
-

number of factors of f and G. The lcadlng third order term it the last

diagram shown in Fig, 5c. In this srrtion wc sh~ll prcsrnt results fur

thr calculation of the f{rst ‘~rdrrth~soryin sorerd~tail and then prrsmt

the rc~ults for the srcund order throry in S@ct. V1.

Thr first ordrr throry consists of thr following cqufit(onz

(5,1)
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where the 6(3)(4) means that the Initial and findl pions both attach to

the same nucleon,

●lt.(xf.:i)
i(~,~’; ?f-~i) ■ (2d36(~-r) - - R(q-zi )

k2-t2+in

(5,2)

i

lt”(~f-~i)
- 4np d3E ● -

f
d3t”R(~f-~) — i(t,t”) i(~’’,~’;~-:i)

k2-t2+in (2W)3 - -

where R(x) Is given in [q. (4.1), and

i(t,t’) ■ f(t,t’)
-d”,fcal~ --

f(t,t”) ;(~’’,~’”)i(~’”!!’).- --

(5.3)

where

Equat{ons (5.2)and (5.3) are two coupleu intcgrdl equations which must

be solved to obtain ~ and ~, lhc coupliticjbctwccn the integral equ~-

tfons provides the feedback upon which lies the hope of findinq a nmre

sensible solution than that provided by the usual theory,

Before showing the numerical solution of these equations I first

want to address the q!cstion: how much of the complctc multiple scatter-
.

Ing serirs is conta!ncd in f? To answer this question, f!rst iterate

Eq. (5.3) to obta~n the series expressing f In trnns of f ~nd ~ shown

fn Fig. 6,
-

Next, find thr expansion for g In telms of f ~nd GO shown in

Fig, 7 by iteratin!~Er!.(5,z)and tmingfnq the ends of the propagators

togcth~ras required by [q, (5.4). I“trmlly,by rcpraicdly Inserting Flu,

6 and Fig. 7 into eac4 othrr, the s~quoncr shown {n fig. 8 is obtninrd,

One easily sccs thfit

(1) all d~agr~ms of ~arc valid contrlhutlon% to the plon prop~’r\tIlf-

energy In thr loldy-U~lccka thwry, proprrly counted. lhlt illil%.

tratrs rxplfc~tly thr po{nt dlscussrd in a nmrc qrnrrel confvxt

below [q. (3.5).
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(2) The troublesome local field correction Is contained in ;. This re-

sult Is desirhble, because one would like the lowest order approxi-

wtlon In a theory to contain the nmst stgnlficant terns.

(3) tim valid contributions to the optical potential are not contained

in ;. This observation is essentially already made In Recognizing

there are second order (and higher) terms present in Fig. SC. Note,

however, that the order of sunmtinn Is different In this theory

tindother theories
12,14

since the local field correction is not a

second order temn in our scheme.

If we assme that the free pion-nucleon scattering amplitude con-

sists of a single partial wave t,

f(t,t’) E [v(t)/v(k)] f(0) [v(t’)/v(k)] p@) (5.5)-.

where PI is a Legcndre polynomial and 0) is the forward, on-shell

pion-nucleon scattcrirg amglitude. Eqs. (5.2) and (5,3) imply that ~

has the form

;(t,t’) = [v(t)/v(k)] ?(0) [v(t’)/v(k)] P&~’) (5.6)-.
.

where f(0) is a function of energy and density. In other words, self-

consistcncy do~s not change the f A ional fcmn of the dependence of the

amplitude on t or t’, or its angular dcpcndcncc; it changes only the

●nergy-dcpcndcnt term in the amplitude.
.

The quantity f(())can bc shown
16

to satisfy thr io’

●quation, equivalent to tqsi (5.?) and (5.3)

lowing intcqral

(5.7)

whrrc thr functil~nP(kK;?f:m) d~prnd% only on the “knuwn” quantities

R(r) and v(t),

(5.fl)
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uhere

pL(k,K) = lk(K*-k2)
1

‘r2drjL(Kr) H~L(k;r) R(r)

and

2
f

“2 ~
lf~t(k;r)= —

-#
‘t2dt jL (tr)v (k)

nik
o

(5.9)

(5.10)

To obtain the numerical results shown next we have used the form

factGr in Eq, (2.2) witha variety of choices of U. Figure 9 shows

Imi(0)as a function of incident pion momentum and for p = PO= 0.16 fro-3,

which is approximately the central density of nuclei. The solid curve

fS f(o), shown for comparison. The value a = 3.75 fro-lis the preferred

value, as It corresponds to Ref. 9a. Figure 10 shoi.:Re~(0), One

notices from the figures that

li(o)l/lf(o)l ~ 1 (5.11)

whenever f(0) is large, which implies that f is a more efficient expan-

ston parameter than f.
.

It is evident from Figs, 9 and 10 that f approaches a definite value

asa-~. This limit has bern called the “Beg lln,it.” All theories

have this llmit14 provided they sat~sfy the condit{on that

v(r) ● O for r > A/2 (5.12)

where v(r) is the Fourier transfonnof t.hcpion-nuclron form factor v(k)

and A is the minimum disttinceof separation hctw~cn nucleon% cnforccd by

short range correlations. It turns out that the throry of [qs, (5./) and

(5,3) ha; ananalylical solullotlin lhl> limil .15 Sum of Lhr propcrti(l\

of this solution ~ru

(1) Thcdcpcndcnc’cof ;(O) on r has a square root branch point nt

PUP - 0.05 PO. i-hisimplic% that thr s~lf-con$istrnt throry i%

equal to the u<unl throry for p ,.no but not for o S PO, s{n[.uW

usunl throry will not convrrqr st thr~r drnsitir$.

(2) Th~pton moan frerp’fithkm,lynovcrbr lrr,~thhu appruximfitcly3/4

of the intrrptlrticlrspcinqm At nuclear mattrr drn$ltfrs this
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gives A = 1.5 fm, {n contrast to estimates based on lowest order

tneor{es17 which give X = 0.5 fm at resonance. As emphasized by

T.Erlcson in his lectures,18 no reasonable theory can be ●xpected

to give rise to variations in the pion

substantially shorter than that set by

(3) No Kisslinger anomaly can occur at any

result, since in essentially all other

wave function on a scale

the interparticle spacing.

density. This is a welcomed

theories of pion-nucleus

scattering the pionic uave-function develops spurious high momen-

tum components at low t,,ergy(this is the synptom of the Kissinger

ancnnaly) due to the strong off-shell behavior of the (3,3) lmpli-

tude. Specific higher order terms tend to push around the energy

and density at which the anomaly occurs, but self-consistency elim-

inates it once and for all.

Consider next the density-dependence of the

tude. In Fig. 11 the density-dependence of ;(O)

a ‘ 3.75 fm-1 for incident pion energies between

self-consistent ampli-

is shown for the case

150and 180MeV. The

results in the resonance region have been parametrized by the following

expression, valid for incident pion kinetic energy from 150 to 210 McV,

(5.13)

where g,(k) and g2(k) are given by

-1‘,l,3sksl.63fm ,gi(k) = j hlj (k-1.4) (5.14)

Hith k expressed In fm
-1

‘ ‘hc ‘Ui’’bcrs‘{j ar~ qlven in Table 1. The

bcs! fit to the dunslt~ drpcndcncc was obtained with

‘c _ 13./4. (5,1$)

It is apparrnt from rig. 11 and [q, (5.13) that thr ratcof fall-offof
.
f is difforrnt for 1,●: Oc and p ● PC, At low density wc have

i(mk)=r(k) *q,(k) +: g+k)
c

(5.16)

(5.17)
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For pion e’

determined

0.1?9 &nd

astic scattering near resonance, the angular distribution is

mostly by the property of the optical potential near O/PO =

therefore Eq. (5.16) determines the P* correction to U (re-

call U ■ -4mpf) which is effective In elastlc scattering. The correc-

tion is small due to the fact that P Is small, but it is neverthc;ess

larger than one might ordinarily expect for a P* term, For example, at

k m 1.4 fro-lwe easily find (see Table I)

PO 91(1.4)

~ mm

This IS unacceptably

linear tindquadratic

cussed a catastrophe

order tenxs in f.

VI. Solution of the—— . . ...

= 1.6 (5.18)

large in a theory which constructs U from terms

in the density only, but in the theory being dis-

at the center of the nucleus is avoided by the higher

Self-Consistent Theory, Second Orcirr______----.. --______ .— _____ -

Here 1 wilI skip most of the details of the calculation; thry call

bc found in Ref. 16. The idea is to sum the second order terms shown in
. .

Fig. 5c. Fully self-ronsistcnt f and G were used to evaluate these t.crm:.

in accordance with the theory of Sects. 111 and IV. The numerical re-

sults for the scrond order tcllnsare shown in Figs. 12 and 13. ?hc SiZC

of the correction tends to bc larger for larger m. Figure 14 shows thr

relative size of the second order piccc to the sum of first plus second

order. For a realistic cholcc o? u. corrcspondimj to thr long dashc~,

the corrcctio;,is lCSS than ?0% for k/n ‘ 1.4 or pion kinrti~ encryy

grratcr than 100 McV. Thuz, for the purpose of studying scatLrrlng of

pions in the rcsononcc region * ownst order self-con’.istcnlthuory

provides a srmi-qunntitatfvc solution to tho moiel prol)lrm.

Uhnt happens when A; is added to ~ and [q. (4,s) is-solvud to olI-
.

tain a n~w f? IL is a matter of cxprricncc thot thr rrsults arc stIIIIl(I

aqfiinstthis iteration, Tho sourer of this stnbility can h{’S(IPIIa:.

follows, Suppo;r that an ndditivu corr(*ctiollA is nmd~’t.or, l-orthv

sake of illustration. let thit correction hnvc t.hv%NIIIIpartidl wavv
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-
canponent t as f and f. According to the theory sunsnartzedIn Fig. 5,
.
fmust now be evaluated with the Green function G which has the new F

.
as Its kernel. In this way f depends on A, and we want to see how f

depends on k. It IS easily seen that ~(U.A) now 5~tisfies the equation

[compare to Eq. (5.7)1

Upon adding A the qu~ntity F(0) = ;(O) becomes

i(o) +F(O;A) ❑ i(o;A) + A (6.2)

.
For small changes A, f(O;.1)may be evaluated by making a raylor series

expansion. The derivative d~/dA may be ev~luated using Eq. (6.1), and

we find

d--=e~f
f dp

r,dhcncc

(6.3)

(6.4)

evaluating the correction near resonance [using Eq. ~,13) and l~ble I]

and fur n ■ PO. we find that

.

I l+P!U - 0.’5 - 0.85~dp, (6.5)

with the larycsL rrdll ions occurring off.rrsonan~u. This reduction

factor dccrcwsri vcrv slowly as I)1s dccrc~scd. Ur thcrcforu scc that

the rcsponsr of the %y%tcm is such as to opposy the additfon of furthur

corrrct{onsm Thu\ U and results which dcprnd on U arc lCSS scns~tlvc to

corrections th~n might havr !Icrncxpectrd. WIICHU ~s evaluated sclf-

tonsistcnlly, Corrections to tho Foldy-Ualrckn thdory which must bc

consfdcrrd includu hindtng hnd rccoll of thr nucleon and Isubnr, thr

spin-nrhit forco, tho Pnul{ prlnriplc and the true ahsorpt{on of tho pion,
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Themaln result of this section is the verification of the conjec-

ture made tn Sect. 111 that the expansion of the optical potential would

converge rapidly when evaluated self-consistently. The reasons for ex-

pecting the same conclusion to hold at higher order are

(1)

(2)

.
The use of f rdther than f as an expans{on parameter to evaluate

higher order terms in U. It was shown In Sect. V that l;/fl ~ 1

whenever f Is large, and hence

Ings arc strongly suppressed.

The use of ~ rathrr than GO to

tefms with large numbers of scatter-

evalua~c higher ordrr terms in U.

This Is advantageous because ~ falls off with dtstanco cxponcntlally

In accordance with the nwan-free path of the pion, with the result

that terms with large numbers of lntcrcon,lcctinqpion propcgator~

ere strongly suppressed,

VII. C-myari.sonnfS(!l~-ConzflstrntThr(,ryto rxpcr~ywnt....-.—. .

Scctfons IV 10 VI conccrncd the pcd~goglcal dcvelopnwnt of thv idu,l

of self-con%lst.rncytn a model. Thr model ha*,a numhrr nf shurtcomifl(l’,

which were cnumrratcttin the last %cction, And onc nli@lLthrroforr rxp(wf.

thot the numcrtcal results would not conqwirrfavorably to oxpurimmt.

Ilowrvcr,wc have seen th,ltthe scn~itlvlty of thv throry to addltlollof

corrrctlon’, i~ lPS% stronq th,lnIt would havtlImrn in !hr al)t,rnl{lnr

srlf-conslstcnry, In vtrw of thfs I shrillprorrcd to interpret somflnf

thr rcccnt tntcro%tinq cxprrfmcntal nnd thvor(’ticnlrr’iult!lin trrnv,nf

the framework drvrlolml Ilrr[t.

I f~rst want to compnrr tho results of thu las!,two %oct.ion’,to Lhv

phrnomrnrln!llcdlspr~adinq pr)trllflalof Ilornk,lw,l,lIIIvI, find lIBIIr,7 dl’,-

CussrrltflSr(t, 1. 10 m,lkotho compnri%on, I doflnv fhIIc,prmldlnqlnl(’r

action Ii;In the throry In thv snmr WRY as dww in fhll 7, i,r,, lfltw~,
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where ;(0) and 6;(0) are

fn accordance with Sect.

i!on (7.1) Is solved fw

.
the first and second order contributions to F

V and VI witha ■ 3.75 fm
-1

and p = PO. Equa-

H: and canpared to the phenonwiologlcal result.

This cmparlson }s nwningful because neither

Pault ●ffect, the spin-orbit ~tentlal of the

and recoil of the Isobar. True absorption of

l~icluded

Is still

that the

In the model but, ~s we argue below,

HO nor Hi Includes the

Isobar, and the binding

the plon Is not explicitly

a romparlson to experiment

nwmtngf~l. The results are shown In Fig. 15. It IG seen

sign and magnitude of the experimental result Is reproduced by

the theory. I regard this coinparlsonto bc rem~-kably good, conslc!er-

inq that the thuory contains no adjusted pariimctcrs(the value of a was

ttakC’nfrom Rcl, gal;. On the basis of this flgurc there appears to bc

mm energy dcrtcndc~lccIn the cxpcrlmcnt, but It should bc observed th~l

the mnpirical value of ImWo dots hccomc posllivc at somcwhaL hlghix

encrglrsl for 160, which might be takt?nas evidence In favor of the shape

of ~hc cnurgy drptvwlcnccof Lhc th(!ory.

As wc pointccltiutahovc, the true absorption of the pion Is not cx-

pllcltly Lakon into account in our mcdrl calculation. Yet il is un-

doubt(!dlytrue f.bitta large part of the No tctntis relatwl to lhc trur

absorption of the pion. Hod can wc rcconcilc the cxccllcnt agrcmncnt fn

~~g. 15wIM ohi~ facl? Part of Lhc answer is 10 be found in thu follnw-

tn!lrcsulll Uu have addml a cnnsLIIIILimitginaryterm propurlional to o to
.

thr kcrnpl r tu simulato the trurahsorplion of the plon. tiefound that

tt,~srlf-consf~trnt valur of F (and honcr U;) wa< very lnms~tfvc to the

magnltudr of f.hi’ltwin, upun varying it from thr silo found tn emplrlcnl

plrnlc atum sludlr% to 10 timt?~this value. Thn Inscnzillvlt.yis under-

stood at lra%t IIIp,lrtfrom lhr ar!lumontprcscnlod at the cnd of the

last scct~on.

Thr physical {ntcrprctation of Lhls r[’%ulti% the followlltg, lhm

dnplrtton of flux from Mt’ olasllr chimncl i% alrciwlyso cumplctr duc to

quaslola$t!c srattrring. that thwc Is lftllo loft fur othrr channels to

remnvr. ~or rla%tlc ~cattrrillqof a sufficlcnlly strnnuly ahsorbcd probe,
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these results suggest that It is much m,re important to evaluate the

Interaction self-consistently than to treat the Inr!lvidualreaction

channels In full detail.

To learn whether the dominant reaction mechanism in the model 2-

ory Is approximately correctly described one would like tc know the ex-

tent to which multiple quaslelastic scattering plays a role in the total

plon reaction cross section. It is comnonly asserted that it plays a

relatively unimportant :“ole20 because the partial cross section for a

plon to disappear completely In the final state accounts for about half

of the reaction cross section. However, this interpretation is called

Into question in a recent expe:”imentalresult,
21

which finds evidence

for clusters containing as many as five nucleons to be Involved in the

absorption process in a heavy nucleus. “rhisresult suggests that the

true absorption cross section is driven by multiple quasielastic scat-.— .

terlng, i.e., that true absorption is the inevitable demise of the ~ion

after It does what It most likes to do, undergo multiple quaslelastic

collisions. It is tempting to associate these clusters with the higher

order terms of Fig. 8, but a proper calculation of the absorption of thr

pion in such an involved event would require adopting a more comprehensive

thuorctical framework than that provided hy the model theory on which

our numerical results are based, It is important to come to a clearer

empirical ch~ractcrization of the reaction mcchanisnlin pion-nucleus

scattering and onc would thcruforc ifk~ to have more detailed dat~ of

the type pionccrcd by Rcf, 21.

To tlndcr~tandIn somewhat grratcr dctall the effect of th(.’highur

order corrections in U on elastlc scatt.cringwc have cvaluatwl the clas-

tlc scattering an!lulfirdistributions baccd on the construction of the

optical patcntlal from the Iowctt owlcr term of the theory of Sect. V,

To display our rcsulls IIIa meaningful fashion, wc have cviiluatcdthe

paramctrrs b,, Y and a which roprcxhcc the cross section in the form127

R2m#lb
i~l ll’(l-iaq-a/7b)-r(l*{fIq-a/21J)]/~(! I’(l-la(l)

(7.7)

(7.3)
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and

~= bl +a[ln. fn2+ 1~ln(l+Y2)-i arc tanY] (7.4)

The parameter bl determines mostly the location of the diffractive mini-

ma, Y the depth of the minima iind~ the rate of fall-off of the angular

distribution, The energy dependence of these quantities are shown in

Figs. 16 to 18. The dots represent experimental points determined as

described in Ref. 23. The dashed curves are the values obtained from

the standaid lowest order optical model theories and the solid curves

represent the result of the self-consistent theory. Mtice that the

self-consistent theory is in slightly better agreement with the data

than the lcwest order theory. This presumably reflects the agreement

with WO seen in Fig. 15. The fact that there remains a discrepancy,

particularly evident in Fig. 17, between the data and the cxpcliment is

presumably a reflection of the fact that the energy shift arising From

the recoil of the isobar has been neglected in constructing U,24 The

higher order terms have measurable effects on the cross section in the

resonance region, and a proper description of the scattering requires

inclusion of both the higher order terms and the energy shift due to the

isobar recoil.

To olttainthe results in Figs. 16 to 18 the optical potential was

constructed from the densities based on Ref. 25. The optical potential

utilizes the density dependence of f in Eq. (5.13) and Table I and assumes

that the off-shell extrapolation of f is li~ear in the initial dnd final

pion momenta. A local ~eprcsentation of U was obta~ned and then the ana-

lytical tlmory of Ref. 22 was used to calculate b,, a and Y from this

potential.

VIII. hmmlar~and Discussion.—___ -....——— .—

The idea of self-consistent evaluation of hadron-nucleus scatter-

ing amplitudes was dcvclopcd in a gcn?ral context in Sect. 111 and illus-

trated in a model in Sects. Ii to VI. The main motlvatio~of self-consis-

tency was to search for an alternative method for evaluating scattering

from nuclei theoretically whc~ Lhc underlying hadron-nucleon interaction

is very strong, Wc were able to verify in a nontrivial model of.pion-
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nucleus scattering that the self-consistent evaluation of the theory

provides a solution when usual approaches fail. Similar methods would

presumably be of value in studies of K--nucleus and anti-proton rmcleus

scattering.

In Sect. II a n~mber of theoretical questions were posed. These

questions have remained essentially unanswered because of the convergence

difficulties encountered in calculating the pionic optical potential

beyond the lowest order. The self-consistent theory does riot have these

difficulties and these questions can therefore be addressed in any given

rnodcl. In Sect. VII I examined in some detail the interpretation of the

spreading lnteractiofiof Ref. 2 using the results of Sects. IV to VI.

The main result is that t ‘ theory reproduces the sign ald magnitude of

the spreading interaction with no adjusted parameters, and that this re-

sult appears to be very insensitive to details of tl,emodel as a conse-

quence of the self-consistent treatment.

Recently several calculations of pion-nucleus scattering have been

reported,
26 which reprcsefltambitious extensions of self-consistency as

applied in Sects. 1“ to VI, and in whicltinn recoil, Pauli effects and

true absorption are hken into .iccount. These calculations are much

more complicated than the one presen+.erlhe-e. The insensitivity of the

calculati~n to addition of higher order eftccts discussed in Sect. VI

gives rise to the conjecture that tne corrections such as those attempted

in Ref. 26 will have a small effect. To check this conjecture, one would

like to sec a self-consistent calculation with all the corrections included

compared to a self-consistent calculation with the corrections selectively

turned off. If the theory proves to be insensit

evaluated in this fashion, wc would then be much

microscopic th~ory of pion-nucleus interactions.

The second question examined in some detail

VII tu corrections whrn

closer to a practical,

was the density depen-

dence of the optical potential. The self-consistent theory gives rise

to a new result, namely it predicts the existence of a critical ~cnsity,

PC, which wc find to occur at Pc = pO/4. For densities less than PC the



density-dependence

-25-

(S quantitatively different from that fordenslties

greater than Pc. The most rapid density variation occurs for low den-

slties, on the basis of which one may charactt ize the higher order

affects as sticking out in the nuclear surface. It Is therefore nec-

●ssary to Include the density-dependent corrections in the optical poten-

tial arising frmn the self-consistent treatment of scatteri,lg. The effect

of these corrections on the angular dlstributinn was examined in Sect. VII.

The strong density dependence of the higher order corrections In the

nuclear surface has implications for phamnenological analyses

terlng experiments. In nmst analyses the higher order correct’

assured to have e smoother density variation than the one we f

of scat-

ons were

nd in the

amdel analysts. If the density varia”~ionwere allo~ed to be stronger

In the surface than In the nuclear Interior, it would not be surprising

to see quantitatively differentanswers emerging in fiefs.1, 2, 7, and 8.

Several additional questions wore raised in Sect. 11 which !mre not

answered here, but could easily be addressed on the basis of the methods

developed. These quest~ons relate to the spin and Isospin dcpsndcnce of

the self-consistent theory. P.nswerstu such questions are needed in order

to extend the theory to treat inelastic and charge exchange scattering

The equations needed to evaluate these effects in the Foldy-Walecka thuary

are strafghtfotward generalizations of the results of Refs. 15 and 16.

The successes of this model as discussed in Sect. VII make such a calcula-

tifJh Very lnhr(?st~n~ at

single and double charge

to thr optic~l potentl~l

the present time. Particularly in the case of

exchange to analog states, the hlghcr order terms

have a striking effcct,27 and these reactions

may afford the best opportunity for a syst.cnmticstudy.

Finally, the question was raised as to whether pion-nucleus scatter-.

ing can be used to learn about details ofnuc.car structure. This qucs-

tlon will continue to bc controversial foryuars to cnmc, but the results

of the present theory have scuucdiscouraging and sonw encouraging implica-

tions. The discouraging result is thfitthe higher ordor corrections stick

out Into the nuclear surface, ‘whereonc has hoped to bc able tn scc the

—.
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tfftcts of nuclear structure without canpllcatfcms arfslng from higher

order ●ffects. The ●ncouraging result is that t}:esimple self-consis-

tent approach discussed here seems to work well and may therefore be a

useful theoretical approach to serious microscopic calculations of

plon- (and other hadron-) nucleus scattering.
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lable I. Values ofh,, inEq. (5.14)

L-!!L- - ’21

0 (0.064,-0.49) (U,CO!J,-O.041)

1 (3.50, 1,46) (0.338.-0.265)

2 (-9.80,22.3) (2.50,-2.49)

3 (-14,1,-713.1) (-3.06,16.7)
.—. — .-— —
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Ffgure Ca?tions

1.

2.

3.

4.

5.

6.

7.

0.

9.

10,

Dlagramatlc representation of the loctl field correction. Figure

laglves the representation In terms of the diagrams of Foldytnd

Ualeckm, used ●xtensively In these lectures,

representation in terns of Feynman-Goldstone

local field correction a nucleon (denoted 1)

an intervening colli>ion with nucleon 2.

!llustral

of Foldy

may Swlt’

once, or

and Fig. lb gives the

diaqrains. In the

Is struck twice with

function in the theoryIng contributions to the plon Green

●nd Ualecka, TW types o? processes are allowed: the pion

ply scdtt~-without ever hlttlng the same nucleon more than

lt may cane back to a given nucleon after striking ~

least one other nucleon before doing so.—. ..— -—.-. .
-

Dlagransnaticdefinition of the auxiliary Green function, G, The

blobs arc the pion proper self-energy inscrtlons, The open circles
.

are to remind one that G ●nds and beg~ns on scattering ccntcrs,

illustrating valid and Invalid contributions to ~, The double
.

solid lines arc C, defined In Fig, 3. The tr~anglr A is the dia-

graxsnat~crt?prcsentat~onof ;, dcf~ncd lnEq, (4.6), Tenms (b),

(e), and (f) are not allowed in ~ as they would ledd to double

countfng.

Summaryof thr fully self-consistent theory in dlagrmmnat{c notation,

Diagranmmtic expansion of the self-consistent ampl~tud~ ; (A) fn

terns of f (x) and ~,

Dlagramnatlc expan%lon of tho int@ract{ng Grccn function ~ in tenn$
.

of f and Go.

Diagrnnmtfc content of ~ ~n term% of f md Go In lnwst ord~r tllrl)ry.
.

lmf(0) for various valur% OfII St I)w 0,16 fro-3. The leq~wd is

-1 -1
tl~7.5fm ; ----- .- am 3,7!ifm ;--~-.~ -1.-.. -m=ll.5fm,

BCO~.~”m ~~. lhesolfdcurvr Is f(()).

Rri(0) for varfous V81UP% of mat p ~ (1.16fr”-’, Thr lrqmd is tlw

samr as for rig. 9.



-29-

Flgure Captions (Cent’d.)

11.

12.

13.

14.

15.

16.

17.

lR.

Density dependence of f In the resonance regton

curves Is Imi(0) for T ■ 150 to 180HeV. The
m.

The upper set of

ower set corresponds

‘1to Ref(O]. The calculation aSSUmeS a = 3.75 fm .
.

Inuglnary part of the second order correction to F. The legend IS

the same as Fig. 9.

Real part of the second order correction to ~. The legend is the

same as Fig. 9.
-

Relative size of the second order correction to F. The legend is

the same as Ffg. 9.

Comparison of the theoretical spreading potentl~l. kl~,to the phe-

nanonologlcal result of Ref. 2. The solid curve is value W~ obtained

frm Eq, (?.1) and the points with the erro! bars arc taken from

Ref. 2. The triangles come from an analysis of 4He, the squares

160 anJthec1rc1es 12C

b, vs. pion klnctic energy Tn in the lowest ordur free [-- -- --) and

self-consistent ih~orlcs ( -----)for 40Ca. The dot is the empirfctsl

value taken from Ref. ?3.

Y vs. pion kinetic energy Tm. The leqcnd ts +.hcsame as ~lg. 16.

a vs. plon kinct~c ercrgy Tn, Thr legend is th~ same as Fig. 16.
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